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NLS EQUATIONS 



QING GUO 

Abstract. We investigate the L 2 -supercritical and iJ 1 -subcritical nonlinear Schrodinger 
equation in H 1 . In [6] and [20], the mass-energy quantity M{Q) s <= E{Q) has been shown 
to be a threshold for the dynamical behavior of solutions of the equation. In the present 
paper, we study the dynamics at the critical level M(u) •*<= E(u) = M(Q) =<= E(Q) and 
classify the corresponding solutions using modulation theory, non-trivially generalize the 
results obtained in [5] for the 3D cubic Schrodinger equation. 
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1. Introduction 

We consider the following Cauchy problem of a nonlinear Schrodinger equation 

iu t + Au+ \u\ p ~ l u = 0, (x,t)eR N xR, 
u(x,0) = u (x) G H l (R 
It is well known from [I] and pQ that, equation (11.11) is locally well-posed in H l . That 



is for uq G H 1 , there exist < T < oo and a unique solution u{t) G C([0, T);H l ) to 
(11. ip . When T = oo, we say that the solution is positively global; while on the other hand, 
we have lim^y || Vu(t) \\% — > oo and call that this solution blows up in finite positive time. 
Solutions of (11.11) admits the following conservation laws in energy space H 1 : 



L 2 -norm: M(u)(t) = j \u(x,t)\ 2 dx = M(u ); 

Energy: E(u)(t) = - i \Vu{x,t)\ 2 dx — - / \u(x, t)\ p+1 dx = E(u ); 

2 i P ~\~ 1 J 

Momentum : P(u)(t) = Im / u(x,t)Vu{x,t)dx = P(u ). 



Note that equation (II. ip is invariant under the scaling u(x,t) — > \p- 1 u(\x, X 2 t) which 
also leaves the homogeneous Sobolev norm H Sc invariant with s c = y — Other scaling 

l— l-s c 

invariant quantities are || Vm || 2 1| m || 2 Sc and E(u)M(u) s ^ . It is classical from the conserva- 
tion of the energy and the L 2 norm that for s c < 0, the equation is subcritical and all H l 

l 
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solutions are global and H 1 bounded. The smallest power for which blow up may occur is 
p — 1 + -A which is referred to as the L 2 critical case corresponding to s c = (see [5] |13j). 
The case < s c < 1 (equivalent tol + -^<p<l + 7^2) is called the L 2 supercritical and 
H 1 subcritical case. In this paper, we are concerning with the case < s c < 1. 
We say that (q, r) is if s (IR Ar )-admissible (0 < s < 1) denoted by (q, r) G A s if 

2 N N 2N 2N 
H = s, — < r < 



q r 2 N-2s N-2 

This is associated to the well-known Strichartz's estimates: for any ip G H s , f(x,t) G L q t L r x 
and any admissible pair (g,r), (7,p) G A s , we have 

V tA f\\Li L r < cy\\ HS , ||G/|| L y^ < c\\f\\ qL r, (1.2) 

t 

where ^7 + ^ = ^ + ^ = 1> an d ^/(^ x ) = J e*(*~ s ) A /(s)<is. We define the following Srichartz 
norm 

IMIs(J5T») = SU P IMU?L£ 

(9,^)eA s 

and recall the following properties for the Cauchy problem ( II. ip . which can be found in 
101: 



Proposition 1.1. (Small initial data). Let ||wo|lij«c — A, then there exists 5 s d = S s d{A) > 
such that if \\e ttA u \\ s ^s c ^ < S s d, then u solving (jl.ip is global and 

\\ u \\s(H^) — 2 1 1 e** Uq\\ s ^c), (1-3) 
\\D^u\\ s(L2) < 2c||«o||^. . (1.4) 

Remark 1.2. Note that by Strichartz's estimates, the hypotheses are satisfied if ||wo||ifs c < 
C5 s d- Furthermore, by the result obtained by [20], the uniform bound of i7 Sc -norm of the 
solution u to (11. ip implies u{t) scatters as t — > ±00. 

Proposition 1.3. (Existence of wave operators). Suppose that G H 1 and 

^WV^WlM^) 1 ^ < E(Q)M(Q)^. (1.5) 
Then there exists vq G H 1 such that v solves (II. ip with initial data vq globally in H 1 with 



1 — s c 1 — Sc I 

51 



|Vt.(()l| 2 l|!. || 2 - < ||VQ|| 2 ||Q|| 2 " ,M(v) = \\t. + \&E\v} = -\\Vi> + \& 



and 



lim \\v(t) -e ltA ib + \\ H i = 0. 

t— >+oo 



Moreover, if ||e ip + \\s(H s c) < $sd, then 

\\vo\\&'c ^ 2 \\^ + \\h°c and |M| 5(i j Sc) < 2||e rfA ^ + || 5(i ^ c) . 
\\D s v\\ S (Li)<c\\ij + \\ tis ,0<s<l. 
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Proposition 1.4. (long time perturbation theory). V A > 1, there exists e = €q(A), 
c = c(A) 3> 1 stzc/i i/iai if u = u(x,t) G H 1 satisfy 

iu t + Au+ |u| p-1 ii = 0. 

u = u(x,t) E H 1 ,define 

e = iu t + Au + |u| p « 

with WuIIs^hs^ < A. If 

Il e lls(fl" s c) < e o, 
\\e^ A (u(t )-u(t ))\\ s{Hsc) <e , 

then 

\\ u \\s(h s i) — c = c (^) < °°- 

For the 3D cubic nonlinear Schrddinger equation with s c = \ and p = 3, there have 
been several results on either scattering or blow-up solutions. In [TJ, [2] and [8], Roudenko 
and Holmer have shown that M(Q)E(Q) plays an important role in the dynamical be- 
havior of solutions of equation (II. ip with p = 3 and N = 3. The authors in [20] and [5] 
extended their results to the general L 2 -supercritical and if ^-subcritical case and showed 

l-s c 

that M{Q) s c E(Q) is an threshold for the dynamics in the following sense: Let u be a so- 
lution of (JUU) satisfying M(u)^E(u) < M(Q)^E(Q). Then if || VuoNMIa^ < 

l-sc 

II VQIbllQI^ 5 ' 1 5 we have T + = T_ = oo and H^Hs^o) < °o. On the other hand, if 

1 — sc 1 — Sc 

II ^^o II 2 II "^o II 2 Sc > II^QIhllQL^ 5 then either blows up in finite forward time, or 
u(t) is forward global and there exists a time sequence t n — > oo such that ||Vtt(t n )||2 _ > oo. 
A similar statement holds for negative time. Our goal in this paper is to give a classification 
of solutions of the solution of (11. ip with the critical level: 

M(u)^E(u) = M(Q)^TE(Q) (1.6) 

extending the very recent results obtained in [9] for the particular case with p = 3 and 
N = 3. The idea in this paper follows from Kenig-Merle [3] for the energy-critical NLS. 
In this paper we obtain the following results: 

Theorem 1.5. There exist two radial solutions Q + and Q~ of ( 11. ip with initial data 
Qo e n sm H s (R N ) and satisfy 

(a) M(Q+) = M(Q-) = M(Q), E(Q + ) = E(Q~) = E(Q), [0, +oo) is in the domain of 
the definition of and there exists e > such that 

||Q±(t) _ e^-'^QWai < Ce- eot , V t > 0; 

(b) ||VQq H2 < ||VQ||2, Q~ is globally defined and scatters for negative time; 

(c) ||VQq H2 > ||VQ||2, and the negative time of existence of Q + is finite. 
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Theorem 1.6. Let u be a solution of (11. ip satisfying (11.61) . 

1 — s c 1 — s c 

(a) If || Vwoll 2 H^oll 2 Sc < II^QIhllQL^ > then either u scatters or u = Q~ up to the 
symmetries; 

1 — Sc 1 — Sc 

(b) If ||Vwo||2||wo|| 2 Sc = II^QIhllQL^ > then u = e i(1_Sc)t Q up to the symmetries; 

1 — sc 1 — sc 

(c) If || II 2 II II 2 Sc > II^QIhllQL^ > an d u o i s radial or of finite variance, then either 
the interval of existence of u is of finite or u = Q + up to the symmetries. 

Remark 1.7. Equation (11.11) admits the Galilean invariance: If u(x,t) is a solution of (11. ip . 

then for any £ E M. N , w(x,t) = u{x — ^ot,t)e l ^"^ x ~^ also satisfies the equation (11. ip . 
Recall from the Appendix of [6], taking the Galilean transform with £o = —P(u)/M(u) 
into account, we get a solution with zero momentum which is the minimal energy solu- 
tion v among all Galilean transformations of the solution u of (II. ip . Precisely, M(v) = 
M(u),E(v) = E{u) - and Kill = ||«o||l - §5gy. Applying Theorem O and the 

results obtained in j2()] and [6] to v, we indeed obtain that 

Theorem 1.8. Let u be a solution of (11. ip satisfying 

M(u)^E(u) - ^P(u) 2 < M(Q)^E(Q). 

Then, 

1 — s e 1 — 3 C 

(a) If || || 2 1| ^o II 2 Sc ~ P(u) 2 < || VQIMIQL^ ; then either u scatters or u = Q~ up to 
the symmetries; 

l-sc 1-Sc 

(b) If ||Vwo||2||mo|| 2 Sc -P{u) 2 = HVQIbllQL^ ; then u = e i(1 ~ Sc) *<5 up to the symmetries; 

1 — s c 1 — s c 

(c) If || \7?x || 2 H^oll 2 Sc — P( u ) 2 > II V<5||2||<5|| 2 Sc i an d u is radial or of finite variance, 
then either the interval of existence of u is of finite or u = Q + up to the symmetries. 

The outline of this paper is as follows. In section 2, we recall some properties of the 
ground state Q and analyze the linearized equation associated to ( II. ip near e^ 1 ~ Sc ^ t Q. In 
section 3, we construct a family of approximate solutions using the descrete spectrum of 
the linearized operator and produce candidates for the special solutions Q + and Q~ . Then 
in section 4, we discuss the modulational stability near Q, which is important for our 
study of solutions with initial data from part (a) and (c) in Theorem 11.61 This is done in 
sections 5 and 6 respectively. In section 7, we establish the uniqueness of special solutions 
by analyzing the linearized equation and finally finish the proof of the classification of 
solution in the critical level. 

This paper is a non-trivial generalization of [9], which deals with the 3D cubic Schrodinger 
equations. First of all, quite different from the case p = 3, iV = 3 considered in [9], our p is 
not an integer when N > 4, since 1 + < p < 1 + jrj>- This mainly brings two difficulties 
for our study as follows. On the one hand, it is not enough to consider the problem just 
in the space Cb(I; H 1 ) as the authors did in [9], where I C R is a time interval. Instead, 

4(p+l) 

we should also work on the Strichartz space L N( -p-v (I; L P+1 (R )) and use the correspond- 
ing Strichartz's estimates associated to the Schrodinger operator e tt ( A -( 1 - s c)) ; w hich is 
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just like the classical Strichartz's estimates. On the other hand, the general case require 
more sophisticated analyzing on the spectral properties of the linearized Schrodinger oper- 
ators. Moreover, because of the technical difficulties, we cannot directly use the linearized 
equation near e lt Q with Q solving the elliptic equation — AQ + Q — Q p = as the au- 
thors did in |9j; while instead, we linearize the equation near e^ 1 ~ Sc ' t Q, where Q solves 
-AQ + (1 - s c )Q - Qp = 0. 

In this paper, we denote the Sobolev spaces H 1 (M. N ) and W m ' p (K N ) as H 1 and W m ' p for 
short, and the LP norm as || • || p . C is denoted variant absolute constants only depending 
on N and p. 

2. Preliminaries 

2.1. Properties of the ground state. Weinstein in [17] proved that the sharp constant 
Cgn of Gagliardo-Nirenberg inequality for < s c < 1 

N(p-l) 2 (JV-2)(p-l) 

IMlLP+i( fi iV) < C GN \\Vu\\ L2 ^ RN ^\\u\\ L2( ^ RN ^ (2.1) 
is achieved by the unique minimizer u = Q, where Q is the ground state of 

-(l-s c )g + AQ + |gr 1 Q = 0, (2.2) 
which is radial, smooth, positive, exponentially decaying at infinity. In other words, if 

p+l N(p-l) 2 (JV-2)(p-l) 

\\ u \\lp+i(R n ) = CGN\\Vu\\ L2 * RN j\\u\\ L2( ^ RN ^ , (2.3) 

then, there exists Ao G C and xq G M n such that u{x) = XoQ(x +xq). 

Applying the concentration-compactness principle, the characterization of Q yields the 
following proposition: 

Proposition 2.1. ) There exists a function e(p), defined for small p > such that 
linip^o e(p) = 0, such that for all u G H 1 with 

\\H\p+i - \\Q\\p+i\ + INI2 - HQII2I + |||Vn|| 2 - HVQH2I < P, 
there exist 9 G K. and x G M. N such that 

\\u-e Wo Q(- -x )\\ H1 < e(p). 
Using Pohozhaev identities we can get the following identities without difficulty: 

IIQII? = |||V0|II, IMC! = ||^IIVQK = |^|lMI^ (2.4) 

and Cqn can be expressed by 
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By the H 1 local theory p] , there exist — oo < T_ < < T + < +oo such that (T_,T + ) 
is the maximal time interval of existence for u(t) solving (11 .ip , and if T + < +oo then 

||V«(t)|| 2 > ° i N _ 2 asttT+, 

and a similar argument holds if — oo < TL. Moreover, as a consequence of the continuity 
of the flow u(t), we have the following dichotomy proposition : 

Proposition 2.2. Let uq e H 1 (R N ), and let I = (T_,T+) fre i/ie maximal time interval of 
existence of u(t) solving (11.11) and suppose (11.61) holds. 

(a) // ||wo|| 2 Sc || V^oll 2 < ||Q|| 2 Sc ||VQ|| 2 , then I = (— oo,+oo) ; i.e., the solution exists 

1 — Be 1 — Sc 

globally in time, and for all time t G R, ||w(£)|| 2 Sc ||Vit(t)|| 2 < ||Q|| 2 Sc ||VQ|| 2 . 

1 — s c 1 — s c 

^ J/ ||«o|| 2 Sc ||Vm || 2 = IM| 2 Sc IIVQH2, then u = e i{1 ~ Sc)t Q up to the symmetries. 

fcj //||uo||^||Vuo|| 2 > HQll^llVQlh, then for allt e I, \\u(t)\\^ \\Vu(t)\\ 2 > ||Q||^||VQ|| 2 . 

Proof. By rescaling, we can assume M(u) = M(Q) and E(u) = E(Q). In fact, if M(u) = 
aM(Q), then we set A~ 2Sc = a and u(x, t) = A 2 ^ p_1 ^-u(Ax, \ 2 t). Thus, the assumption 
Ojl implies that M{u) = M(Q) and E(u) = E(Q). 

Case (b) is given by the variational characterization (12. 3 j) and the uniqueness of solutions 
of (II. ip . If Case (a) is false and suppose, by continuity, there exists t\ such that ||w(ti)|| 2 = 
||Q|| 2 , then by Case (b) with the initial condition at t = t\, the equality holds for all times, 
which contradicts the condition at t = 0. Then Case (a) is true. We can prove Case (c) by 
similar arguments. 

□ 

2.2. Properties of the linearized operator. We consider a solution u of (II .ip close to 

e t(l-S c )tQ anc J wr jt e 

u(x,t) = e i{ t-'J\Q{x) + h(x,t)). 

Explicitly, h satisfies that 

idth + Ah-(l-8 c )h = -S(h), (2.7) 

where 

S(h) = \Q + h\ p ~\Q + h) -Q p = Vh- R{h) (2.8) 

with the linear part Vh of h defined by 

Vh-pQ^hr+iQ 11 - 1 ^ (2.9) 

and R(h) = 0(Q p ~ 2 \h\ 2 + |/i| p_1 /i) with its expression: 

R(h) = Q P + V Q p ~ x h x + iQ p ~ l h 2 -\Q + h\ p -\Q + h). (2.10) 

Similar to the Strichartz's estimates associated to the classical Schrodinger operator e ltA , 
we also have the same Strichartz inequalities as (ll.2p associated to the little modified 
Schrodinger operator e**( A- ( 1-Sc ". T n f ac ^ e it(A-(i-s c )) j g no th er than e ' lt ( 1 - s c) e ^ an( j 
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should keep the estimates (11.21) . Also, one can refer to [19] for this result. Furthermore, by 
the expression of Vh and R(h), we have the following elementary estimates: For any time 
interval / with |/| < oo, if we set f = p + 1 and | = iV(| — 4), then from Holder inequality 
and in view of the exponentially decay of Q at infinity, we have 

\\V h \\Li'(I;W^>) < C\I\^^\\h\\ LHl . w i,r }j (2.11) 

\\S(h)\\ L5 > {IlWl , n < C\I\¥-l\\h\\ LHl . w ^(l + \\h\\ p -J {I . Hl) ), (2.12) 
\\R(h) - R(g)\\ Lni . Ln (2.13) 
< C\I\^~*\\h - g^L^.L^h^L^.Lr) + + \\h\\ P L2 {I . m) + Iblll^V;^ 1 )) 

and 

llV^-Vi?^)!!^^,^ (2.14) 

< c|/|^ « || /i - s'IIl^/;^ 1 ^) (JNIl^/^.h + IkllL^/;^ 1 ^) + II^IIloo 1 ^.^!) + IMIl^/jhi))- 

Now, let /ii = Re h, h 2 = Im h. If we identify h = h\ + ih 2 G C as an element (hi, h 2 ) T 
of M 2 , then h is a solution of the equation 

d t h + £h = R(h), C=(^ ~0~) ' ( 2 ' 15 ) 
where the self-adjoint operators L + and L_ are defined by 

L+tn^-AIn + il-sJh-pQP^tn, L^h 2 = -Ah 2 + (1 - s c )h 2 - Q p ^h 2 . (2.16) 
By Weinstein [18], we have the following spectral properties of the operator £: 

Proposition 2.3. Let cr(£) be the spectrum of the operator £ defined on L 2 (R N ) x L 2 (R N ), 
and let a ess (£) be its essential spectrum. Then 

a ess {£) = {ie : £ G R, |f | > 1}, a(C) fll = {-e , 0, e } 

ifii/i eo > 0. Furthermore, eo and — eo are simple eigenvalues of £ with eigenfunctions 
y+,y~ = y+ G 5, and i/ie null-space of £ is spanned by the N + 1 vectors d Xj Q, j = 
1, • • • , JV and zQ. 

By this proposition, if we let 3-1 = R&+ = Rey- and y 2 = Imy + = —Imy_, then 

L+yi = e y 2 , L^y 2 = -e y h (2.17) 

and the null-space of L + is spanned by the N vectors d Xj Q, j — 1, • • • , N, while the null- 
space of L_ is spanned by Q. Moreover, also by |18j, we know that the operator L_ is 
non-negative defined. 

Define the linearized energy 

$(h) = / \h\ 2 + I [ |V/f -\( Q p -\ph\ + h\) = ~ / (L+Zm)^ + (L-h 2 )h 2 . 
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Then $ is conserved for solutions of the linearized equation d t h + Ch = 0. By explicit 
calculation we have 

E{Q + h) = E{Q), M(Q + h) = M(Q) \§{h)\ < c\\hf p+1 . (2.19) 

In fact, M(Q + h) = M{Q) yields that 

\h\ 2 = -2 J Qhi. (2.20) 

On the other hand, from E{Q + h) = E(Q), i.e., 

\j\VQ + Vh\*--± ri j\Q + h\^- l -j \VQ\ 2 + ^j J \Q\ p+1 = o, 

we obtain that 

= - J AQh, + 1 -j\Vh\ 2 -j QVh, Q p -\ph\ + h 2 2 ) + (| Q p - 2 \h\ 3 ^j , 

which, combined with f)2.20p and f )2.18p . gives ( I2.19P by Holder inequalities. 
We now denote by B(g, h) the bilinear symmetric form associated to $ as 

B(g, h) = U (L +9l )hi + (L-g 2 )h2, (2.21) 



2 _ 

for all g,h G H l . By Proposition 12. 3[ for any h G H 1 , we have 

B(d Xj Q,h) = B(iQ,h) = 0. (2.22) 

Furthermore, by (12 .4p . we have 

^H^-T^)^-^ml<0. (2.23) 
Thus, (I2.23P and (I2.22p imply immediately that $(/i) < 0, for any h G span{d Xj Q, iQ, Q}, 

j 1.---..V. 

Next, we are going to find two subspaces of H 1 on which $ is positive defined. In order 
to do this we consider the following orthogonality relations: 



(d Xj Q)h = J Qh 2 = 0, (2.24) 
j AQ/ii = 0, (2.25) 



yxh 2 = J y 2 h = 0. (2.26) 

Let G± be the set of h G H 1 satisfying fT2T24"]) and ( |2~25|) and G' ± be the set of h £ H 1 
satisfying ( I2.24p and (12. 26 p . We then have the following: 

Proposition 2.4. There exists a constant c > such that 

> c\\h\\ 2 Hl , VheG ± nG' ± . (2.27) 
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The idea of the proof of Proposition 12.41 follows from [18] and [9]. 

Proof. Firstly, when h G Gj_, we show the coercivity by two steps. 

Step 1. We show > for h G H 1 satisfying fl2^5|) . In fact, for u G H 1 , let 

I, v ||JV(p-l)/2„ „2-(JV-2)(p-l)/2 || 7/ ||P+ 1 

[) iivgii^-^ngiir^^/ 2 iigiCl' 1 j 

which can be shown non- negative by (12.1 ft and ( 12.2ft . By expansion of 7(Q + a/i) and in 
view of (I2.25p . we finally obtain that for h G H 1 and «6l, 

I(Q + ah) = (l + ^Hl^M f 1 + 4-(^-2)(p-l)/^ a 



JIVQI 2 ;V 2 fg 2 

4(iV - 2)(p - 1) - (JV - 2)> - l) 2 ( [Qhi y, , 4-(N-2)(p-l)f\h\\ 2 

i6 v /g 2 / 4 /g 2 

+ (p + 1 ) p - rr oc H r ^ , -, « + O a . 

/ g p+1 2 / QP+ 1 J v y 

Since I(Q) = and I(Q + a/t) > for all real a, the linear term in a should be zero, and 
the quadratic term be nonnegative. Applying ( 12.41) . we obtain finally that 

V ~ \ m > 4(iV-2)(p-l)-(iV-2) 2 (p-l) 2 ffQhiy > Q 



IIQII2 w " 16 \JQ 

Step 2. We show in this step that for h fulfils (12.241) and (12.251) there exists some c* > 
such that > c*||/i||^i. We denote = $i(/ii) + $2(^2) with $i(/ti) = § ${L + h x )hi, 
$2(^2) = I / [L-h2)h,2- By step 1 and Proposition 12.31 is nonnegative on {Ag}^ and 
L_ is nonnegative. Following the arguments in [TS] and [H], we first show that under the 
assumptions ( I2.24j) and (I2.25p . there exists c\ > such that $i(/ti) > c||/ii|| 2 . In fact, if 
not, there exists a sequence {/„} of H 1 such that 

lim $!(/„) =0, ||/ n || 2 = l (2.29) 

n— »+oo 

and J AQf n = J d Xj Qf n — for j = 1, • • • , iV. Thus we obtain that 

~ / |V/„| 2 = '\ + lj Q^fn + o(l), (2.30) 

which implies that {/„} is bounded in H 1 . Hence, up to a subsequence, we get that there 
exists some /* G H 1 such that /„ /* weakly in H 1 and ^ ] Q p ~ l fl -> f / Q p ~ l fi- 
Then by (|230|) . it follows that / g p-1 /* > and so /, ^ 0. From (|2^|) and the weak 
convergence of {f n }, we get also $i(/*) < and f AQf* = J d Xj Qf* = for j = 1, ■ • • , N. 
f AQf* = 0, however, yields that $i(/*) > by step 1. Therefore, we obtain that 

*i(/*)=0 (2.31) 
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and that /* solves the following minimization problem 

0= /(w.)/. = min M±m 

ll/.lh /<*\{o> ||/|| 2 ' 

where E = {f e H 1 : f AQf = f d Xj Qf = 0,j = 1, • • • , N}. Hence, there exist some 
Lagrange multipliers Xk, k = 0,1, ■ ■ ■ ,N such that 

L + U = X AQ + Xjd Xj Q, ] = !,■■■ ,N. (2.32) 

By symmetry of Q, we get that J d Xj Qd Xk Q = for j 7^ k and f d Xj QAQ = 0, which 
together with Proposition 12.31 imply that 

= -J f*L + (d Xj Q) = J L+f*d Xj Q = XjJ \d x .Q\ 2 , 

showing that Xj — for j — 1, • • • ,N. Thus, 

L+f* = X AQ = X (-Q p + (1 - s c )Q. (2.33) 

Denote Q = -^Q + x ■ Q, then Q = ^(Q\)\\=i, where Q\ = X~Q(Xx). Differentiating 
the equality — AQ\ + A 2 (l — s c )Q\ — Q\ = with respect to A at A = 1, we obtain that 
L + Q = —2(1 — s c )Q. Since L + Q = — (p — 1)Q P , we obtain that 

' ' A " Q-^Q) = A (-g p + (l-s c )g). (2.34) 



' 1 2 

In view of Proposition E3J f l2~33|) and f[2T34j) imply that /* = - + J2f=iH 9 ^Q 
for some /ij. Since f Qd Xj Q = and f f*d Xj Q = 0, we get that fij = for j = 1, • • • , N. 
Hence, /* = ^-Q - = -^-{x • VQ). By calculation, we obtain that $i(/„) = 

-f / AQ(x • VQ) = -f / |VQ| 2 , which by f[2~3T]) implies that A = and then f m = 0. 
This contradicts /* 7^ obtained before. We conclude that $i(/ti) > Ci 1 1 ^-i 1 1 2 under the 
assumptions (I2.24p and (I2.25p . To complete the proof, it suffices to show that for some 
c 2 > 0, 



jQh 2 = => $ 2 (/i 2 ) > c 2 \\h 2 \ 



The proof is similar as for $1 and we skip it. 

Now we turn to show the coercivity of $ on G' ± also by two steps: 

Firstly, we show that for any h G G' ± \ {0}, &(h) > 0. In fact, otherwise, there exists 

he {0} such that 

/ d Xj Qh x = J Qh 2 = J yji 2 = J y 2 h x = 0, $(h) < 0, j = !,-■■ ,N. (2.35) 

By Proposition 12. 3[ B(d X] Q, h) = B(iQ, h) = for any h G H 1 . Since, by (I2.35p . we also 
have that B(y + , h) = 0, so we have that d Xj Q, iQ, y + and h are orthogonal in the bilinear 
symmetric form B. Note that &(iQ) = $(d Xj Q) = $(y+) = and $(/i) < 0, then we get 
that for any h G E = span{d x .Q, iQ, y + , h, j = 1, • • ■ , N}, &(h) < 0. Following the proof 
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of [9], we can claim that the dimension of the set E is iV + 3. Since we have known that $ 
is definite positive on Gj_, which is a subspace of codimension iV + 2 of H 1 , then $ cannot 
be non-positive on E with dimE = N + 3. Thus we have got a contradiction, and the 
proof of < is complete. 

The second step of the proof of coercivity on G' ± can be obtained similar to that on G± 
by contradiction arguments and we omit the details. 

□ 

Remark 2.5. As a consequence of Proposition 12. 4[ we claim that 

J (AQ - (1 - s c )Q)yi ? 0. (2.36) 

In fact, if otherwise f(AQ — (1 — s c )Q)3r = 0, then, by the equation f)2.2p . we have 
f L + Qyi = 0, which, by (J27TTJ) , implies that f C}3^2 = 0. Thus, we obtain Q G G' ± and, 
from Proposition 12.41 <&(Q) > 0, which contradicts (12.23)) . 

3. Existence of spectral solutions 

We construct the solutions Q + and Q~ of Theorem 11.51 in this section. 

Proposition 3.1. Let Ael. If t = to(A) > is large enough, then there exists a radial 
solution U A G C°°([to, +oo), H°°) of ( 1 1.1 1) such that for any b G R there exists C > stzc/i 

\\U A (t) - e t{1 - Sc)t Q - Ae {i - eo)t y + \\ Hb < Ce~ 2eot . (3.1) 
Remark 3.2. By f[3TTj) . 

|| Vf/ A (t)||2 = IIVQIH + 2Ae" eo * y (VQ ■ V3>i + (1 - s c )Q^ x ) + O( e - 2eo '), (3.2) 

as t — t- +oo. In view of (12.36)) . we may assume, without loss of generality, that VQ • V^i + 
(1 — s c )Qyi > 0, and thus, || VU A (t) \\l — || VQ||| has the sign of A for large positive time. 

If we set 

Q + (x,t) = e- i{1 - Sc)tQ U +1 {x,t + t ), Q~(x,t) =e- lil - Sc)t0 U- 1 {x,t + t ), (3.3) 

then we have got that Q ± satisfy the statement in Theorem 11.51 except for their behavior 
for the negative time, which we shall specify in Section 5 and Section 6. 

3.1. Approximate solutions. First in this subsection, we restate the following proposi- 
tion which is for the construction of the approximate solutions U A of (11. ip . 

Proposition 3.3. Let AgI. There exists a sequence {£f}j>i C S such that Z A = Ay + 
and if k > 1 and V A = Y^j=i e~ jeot Z A , then as t — >■ +oo 

d t V£ + CA?t = R(V£) + O(e- (k+1)eot ) in S. (3.4) 
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Remark 3.4. Let U A = e l(1 ~ Sc)t (Q + V A ). Then U A is an approximate solution of (II. ip 
which satisfies (13. 1 p for large t. Indeed, as t — > +oo, we have 

id t U A + AU A + \U A \ p - 1 U A = 0{e^ k+1)eot ) in S. 

The proof of Proposition 13.31 is almost the same as that in [9], so we only sketch it now: 
In fact, the proposition is proved by induction. Omitting the superscript A, we define 
first Z\ = Ay + and Vi = e~ eot Zi, which yields (13 .41) for k — 1. Let Z\, • ■ ■ , Z k , k > 1 are 
known with the corresponding V k satisfying (13. 4p . Expand the expression R(V k ) and by 
(13. 4p . there exists U k+ \ G S such that 

d t V k + CV k = R(V k ) + e~ {k+l)eot U k + O( e - {k+l)eot ) in S. 

By Proposition 12.31 {k + l)e is not in the spectrum of C, so we can define Z k+X = 
-(£ — (k + l)e )~ 1 W fc+ i e S and V k+1 = V k + e-^ k+1 ^ ot Z k+1 . Thus, as t ->■ +oo, 

^V fc+ i + m + i-i?(V fc )=^(V fe )-i?(V fc+ i) + 0(e-( fc+2 ) eo *) m 5. 

Since Vj = O(e' eot ) in S for j = k,k + I, and V fc - V fc+ i = O(e" (fc+1)eo '), we obtain then 
R(V k ) - R(V k+ i) = 0( e -( fc+2 ) e °*) in S, as t +oo. Thus, we have obtained ([33D for fc + 1 
and complete the proof. 

In the following subsections, we shall prove Proposition 13.11 

3.2. Construction of special solutions. We construct a solution U A of (II. ip such that 
there exists to G R satisfying 

V6 G R, 3C > : Vt >t ,ke N, ||f/ A (t) - e i(1 ~ Sc) *(Q + V fe A (t))||^ < Ce" 260 * (3.5) 

with V^f constructed in Proposition 13.31 Note that (I3.5P implies (I3.ip . and that if we have 
shown it for some bo, it follows for b < b . Thus, we only consider the case b > N/2, since 
then, it is well-known that the Sobolev space H b is a Banach algebra and we have the 
estimate < C||,/'||iy!>||5 , ||#f> for any /, g 6 H b . In order to do this, we write 

U A = e i{1 - Sc)t (Q + h A ). 

We are going to construct a solution of (I2.15P h A G C°([t k , +oo), H b ) for k and t k large 
such that 

\\h A (t)-Vim*<Ce-Q*fr«. (3.6) 

After that, we show by uniqueness argument that h A is independent of b and k. In the 
sequel, we omit the superscript A for brevity. 
Recall the equation (12. 7ft of h and define 

e k (t) = id t V k + AV k - (1 - s c )V k + S(V k ) (3.7) 

for fceff. Then, if we set u = /i — Vfc, from (12 ,7p and (13 .7p . we obtain that 

id t v + Av-(1- s c )v = -S(V k + v) + S(V k ) - e k . (3.8) 

Note that Proposition 13.31 gives 

£k (t) = O(e-^ eot ). (3.9) 
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We solve the corresponding integral equation 

v (t) = M(v)(t), (3.10) 

where 

M(v)(t) = -iy 00 ^^ 1 — »(5(V fc (a) +v(s)) - S(V k (s))+e k (s))ds. 

Note that §3M) is equivalent to \\v (t)\\ H b < Ce- {k+1/2)eot , for i > t fc . Thus, we need show 
that Ai is a contraction on 5, which is defined by 

B = B(t k ,k,b) = {v e E,\\v\\ E <1}, 

where 

£ = £(t fe ,M) = {v e C°([t k ,+oo),H b ), \\v\\ E = snpe^ eot \\v(t)\\ Hb < oo}. 

t>t k 

Let v E B. Observe that for all t G isometry of if b . By definition 

of S we have that 

W) - 5(^)11^ < C\\f -g\\ Hb (l + H/liy + ll^ll^ 1 ). (3.11) 
Then, for any t >t k 



||M(u)(t)||fl»<C7 y |k||^(l + ||V fc ( S )||^ 1 + ||^( S )||^ 1 )d S + C, y e-( fc+1 ^ S . 

(3.12) 

By the construction of Vfe, ||Vfc(s)||#& < C k e~ e ° s . Moreover, since v G B, \\v(s)\\ H b < 

(J e -(k+2)e s_ H ence; f or an y I > 



/oo /»oo 
11^11^(1 + HVfcOOH^ 1 + Ik^H^ 1 )^ < C J e- {k+1 ^ s + C k e~^ +p - l ^ s ds 

(3.13) 

< Ce -(^ 2 )eot ( L_ + C k e- ( P-^ e A . 

\{k + ^)e J 

Therefore, M{v) e E and by fl3TT2j) . 

\\M{v)\\ E < C +C fc e-^. 

(K + 2) e 

Choose large so that ,, < ~ and then take i& large such that C k e ^ tk < i. Then 

° (fc+i)e ^ ° ^ 

.M maps £> = B(t k , k, b) to itself. Similarly, we can also prove that A4 is a contraction on 
B. 

We now show that t/" 4 is independent of b and fc. By the preceding step, for b = [~] + 1 
there exist fco and to such that there exists a unique solution U A of (11. ip satisfying U A G 
C ([t , oo); H b °) and for all t > t , 

\\U A {t) - S X -'^{Q + Vl{t))\\ HbQ < Ce- {ka+1 * )eot . (3.14) 
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Now, let bi > bo, if k\ > k + 1 is large enough, there exist t\ and U A G C°([ti, oo); H bl ) 
such that for all t > to, 

\\U A (t) - e^-^iQ + V^(t))\\ Hh < Ce-^+i)^*. 

By the construction of V A , 

\\v A —V A \\ , < r'p - ^ 0-1 " 1 ) 60 * 

II V k x V k \\H b i ^ ° e 

Then, we have that 

_ e i(1 - Sc)t (Q + V^(i))ll^i < e- (fcl+ ^ )e °* + Ce~ {ko+1)eot < Ce~ {ko+1)eot . (3.15) 

In particular, U A satisfies f !3.14j) for large t. By uniqueness in the fixed point argument 
U A = U A , and then, U A G C°([ti,oo) ;H bl ). By the persistence of regularity of (11. ip . 
U A G C°([t ,oo);H bl ) and thus U A G C°{[t , oo); H b ) for any b G R. By the equation 
(TO]) , we indeed show that U A G C°°([to, oo); if 6 ) for any 6 G E. Note that (ETT5|) implies 
(13. 5p . which conclude the proof of Proposition EHJ D 

4. MODULATION OF THRESHOLD SOLUTIONS 

For u G H 1 , we define 

<5(u) = | y \VQ\ 2 - J \Vu\ 2 \. (4.1) 

The variational characterization of Q (Proposition 12. ip shows that i£] 

M(u) = M(Q), E(u) = E(Q), (4.2) 

and 6(u) is small enough, then there exists 6 and x such that u§ s = e~ ld u{- + x) — 
Q + u with UmIIh 1 < where e(5(ti)) — >■ as 5 — )■ 0. Now for the solution u of 

equation (II. ip with small gradient variant away from Q, we aim to introduce a choice of 
modulation parameters a and X for which the quantity 5(u) controls linearly H^x — Q||#i 
and other relevant parameters of the problem. The choice of parameters is made through 
two orthogonality conditions given by the two groups of transformations u \- > e~ lcr u, a G M. 
and u i — ^ u{-+X),X G R N . 

We first give a useful lemma as follows. 

Lemma 4.1. There exist So > and a positive function e(5) defined for < 5 < 5o, which 
tends to as 5 —> swc/j that for all u G H 1 satisfying (14. 2 p and 5(m) < o" 0; i/iere exists a 
couple (cr, X) 6Rx sitc/i £/ia£ t> = e _,cr, u(- + X) satisfies 

\\v-Q\\m<e{8), (4.3) 



Im J Qv = 0, #e y d^Qu = 0, k = 1, • • • , N. (4.4) 
The parameters a and X are unique in M/27rZ x M. N , and the mapping u \— > (a, X) is C 1 . 



1 Note that, by the same argument in the proof of Proposition ^. 21 any solution satisfying (|1.6p can be 
rescaled to the one satisfying 
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Proof. Consider the functional on R x M. N x H 1 : 

J : (a,X,u) ^ Im J e~ ia u(x+X)Q, J k : (a,X,u) ^ Re J e- ia u(x+X)d k Q, k = 1, • • • ,N. 

Thus, the orthogonality conditions (14.41) are equivalent to the conditions Jj(a,X,u) = 0, 
j = 0, • • • , N. Note that Jj(0,0,Q) = for j = 0, • • • , N. By direct calculation, one 

can check that for j = 0, • • • , iV and k = 1, ■ ■ ■ , N, (j^r, §x^J * s hivertible at (0, 0, Q). 

By the Implicit Function Theorem, there exist eo,?7o > such that for u G H 1 satisfying 



\ u ~- QWh 1 < CO) there exists (cr, X) e 



.x. 



with \a\ + \X\ < r] such that Jj(o~, X, Q) = 0. 



Now for u G H 1 satisfying f!4.2p and 5(u) < 5 , by Proposition 12.11 we can choose 9 and X 
such that e~ t0 u(- + X) is close to Q in H 1 , and so, as argued above, get (a, X) eRx R-^ 
required in the lemma. Also by the Implicit Function Theorem, we can show the uniqueness 
of (cr, X) and the regularity of the mapping u >-)■ (cr, X), concluding the proof. 

□ 

Let u be a solution of (11. ip satisfying (14. 2p . For convenience, we write 5(t) = 5(u(t)) 
and set D$ = {t : 5(t) < 5q}. By Lemma [4.1[ we can define functions o~(t),X(t) G C 1 on 
Ds . Using the modulation theory to do some perturbative analysis, we write 
e _i*(t)-i(i_, e )y tj x + = ^ + a ( t ))Q(a;) + x ), 

with 



(4.5) 



a(t) = i?e- 



-i6(t)-i(l-s c )t 



fVu{t,x + X(t))-VQ{c 



1. 



JIVQI 2 

In fact, we choose a like this such that h satisfies the orthogonality condition (I2.25p . 

Lemma 4.2. Let the solution u of fll.ip satisfy (14. 2p . Taking <5 small if necessary, the 
following estimate hold for t G D$ : 



\a(t)\ 



Qh(t) « 11^)11^^5(0. 



(4.6) 



Proo/. Let 5(t) = \a(t)\ + 5{t) + \\h(t)\\ H i. By Lemma IO, we know that S(t) is small 
when 5(t) is small. From the equalities M(Q + aQ + h) — M(u) = M(Q) we obtain 
/ \aQ + h\ 2 + 2a J Q 2 + 2 J Qh\, which implies then 

1 



\a(t)\ 



M(Q) 

By the orthogonality condition (I2.25p . we get 



Qhxit) +0(6 2 ). 



(4.7) 



8(t) = 
which implies 



\V(Q + aQ + h)\ 2 - / |Vg| 2 = (2a + a 2 ) / |VQ| 2 + / \Vh 
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The orthogonality condition J VQ ■ V/ii = together with the equation (I2.2p implies that 
J Q P hl = (1- Sc ) J Qh x . Thus, B(Q, h) = -\(p-l){l-s c ) J Qh, = -(1-^lbzii) / Qh x . 
This combined with (12 . 19[) gives 

a 2 $(Q) + - 2a J Qh = \$(aQ + h)\ = 0(a 3 + \\h\\ 3 Hl ). 



So 



$(h) = a 2 \$(Q)\ +2aJ Qh x + 0(a 3 + \\h\\ 3 m ). (4.9) 

On the other hand, by Proposition 12.41 and (I2.19p . $(/t) ~ which together with 

(14. 9 p implies that 



\h\ 



m =0(|a| + | J Qh 1 \ + 5 3/2 ). (4.10) 

Now, (J477J) combined with (ETTOD gives = 0(\a\ + 5 3/2 ). Thus, by the definition of 5, 

dHZD,dlIH) and (T4TT01 yields gSJ immediately. □ 

Using Lemma 14.11 and Lemma 14.21 we have the following two lemmas. 

Lemma 4.3. Under the assumption of Lemma \4-^ taking smaller 5q if necessary, we have 
for t G D So 

\a'\ + \X'\ + \6'\ = 0(5). (4.11) 

Proof. Let 5* = 5(t) + \a'{t)\ + \X'(t)\ + \6'(t)\. By gSJ) and Lemmai^l the equation (TIT]) 
can be rewritten as 

id t h + Ah + za'Q - 9'Q - iX' ■ VQ = 0(5 + 55*). (4.12) 

Firstly, multiplying (14. 121) by Q and integrating the real part on R , we obtain from 
(12T25D that |0'| = 0(5 + 55*). Then by multiplying (14TT21 by d^Q,j = 1, • • • , iV and 
integrating the imaginary part, we obtain from Lemma 14.21 and J Ahd x .Q = 0(5) that 
\Xj\ = 0(5 + 55*). Similarly, by multiplying (I4.12p by AQ and integrating the imaginary 
part, we obtain that \a'\ = 0(5 + 55*). As a consequence, we obtain that 5* = 0(5 + 55*) 
which concludes our proof by choosing 5q small enough. 

□ 

Lemma 4.4. Let u be a solution of (11. ip satisfying (14.21) . Assume that u is defined on 
[0, +oo) and that there exist c, C such that for any t > 0, 

5(s)ds < Ce~ ct . (4.13) 

Then there exist 9q G R, xq G R^ and c, C > such that 

\\u - e i{1 - Sc)t+te °Q(- - x )\\m < Ce~ ct . 
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Proof. We first announced 

lim S(t) = 0. (4.14) 

t— S-+00 

In fact, if not, by (I4.13p . there exist two increasing sequences t n and t' n such that t n < t' n , 
S(t n ) — > 0, S(t' n ) = ei for some < t\ < 5o, and for any t G (t n ,t' n ), there holds that 
< 5(t) < ei. On [t n ,t' n ], a(t) is well-defined. By Lemma EU |a'(t)| = 0(<5(t)), so by 

(Q5jl . jj |a'(t)|dt < Ce- Ct ". Hence, 

lim |a(t„.) - = 0. (4.15) 



n— >+oo 



By Lemma 14. 2[ we have |a(t)| ~ Then, the assumption 8(t n ) — >■ yields that 

|o(^n)| — >■ 0, which, by (14.151) . implies |a(t^)| — > showing a contradiction with the 
assumption. We have shown the claim (14.141) . 

By (I4.14p . Lemma [4.21 and Lemma [4. 3 [ we obtain that 



6(t)* \\h{t)\\fr *\a(t)\ 



poo poo poo 

/ a'(s)ds <C \a'(s)\ds< 5(s)ds < Ce~ ct . 
Jt Jt Jt 

(4.16) 



Furthermore, since by Lemma f4.3^ |X'(t)| + \0'(t)\ = 0(5(t)) < Ce ct , then there exist X a 
and 9^ such that 



'oo 

-ct 



\X(t) -X OQ \ + \0(t) - 6oo\ < Ce- Ct . (4.17) 

In view of the decomposition (14. 5 p of u, (14.161) and (I4.17P conclude the proof of Lemma I4~4l 
immediately. □ 

5. CONVERGENCE TO Q IN THE CASE || Vti 1| 2 ||w 1| 2 > || VQ|| 2 \\Qh 

The goal of this section is to prove the following proposition: 
Proposition 5.1. Consider a solution u of (11.11) such that 

E{u) = E{Q), M{u) = M{Q), (5.1) 

UVuolla > IIVQH2, (5.2) 

which is globally defined for positive times. Assume furthermore that u is either of finite 
variance, i.e., 

\x\ 2 \uq\ 2 < +00, (5.3) 



/ 



or uq is radial. Then there exist 8q G R, Xq G R^ and c, C > such that 

\\u - e i{1 - Sc)we °Q(- - x )\\ H i < Ce~ ct . 

Moreover, the negative time of existence of u is finite. 

Note that Proposition 15.11 implies that the radial solution Q + constructed by (13.31) has 
finite negative time of existence. 
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5.1. Finite variance solutions. Proposition 15.11 in this case follows from the following 
lemma. 

Lemma 5.2. Let u be a solution of ( II. ip satisfying (15.11) . (15. 2p . (15. 3p and 

T + (u ) = +oo. (5.4) 
Then for all t in the interval of existence of u, 

Im J x ■ Vm(x, t)u(x, t)dx > 0, (5.5) 

and there exist c, C > such that for any t > 0, 

/oo 
5(s)ds < Ce~ ct . (5.6) 

Before proving this lemma, we first show how to use it to prove Proposition 15. II Assum- 
ing that u is globally defined for negative times, we consider v(x,t) = u(x, —t). Thus, v is 
a solution of (11.11) satisfying the assumptions of Lemma 15.21 Applying (15. 5p to v for all t 
in the domain of the existence of u, we get 

< Im / x ■ Vf (x, — t)v(x, — t)dx = — Im / x ■ \7u(x,t)u(x,t)dx, 



which contradicts ( 15.51) . Hence, the negative time of existence of u is finite. The other 
assertion of Proposition 15.11 follows from (15.61) and Lemma 14.41 
Proof of Lemma 15.21 

We set y(t) = J | x| 2 |m(o:, t)\ 2 . By calculation, we have that y'{t) = Aim j x ■ Vuu and 

y "(t) = AN(p-l)E(u)-(2N(p - 1) - 8) UVwIla = 4N(p-l)E(Q)-(2N(p - 1) - 8) || Vu\\ 2 2 . 

By fl2J|, we get that 

y"(t) = (2N(p - 1) - 8) (IIVQH! - || Vu\\ 2 2 ) = - (2N(p - 1) - 8) 5(t) < 0. (5.7) 

We show (15. 5p . which is equivalent to y'{t) > 0, by contradiction. If it does not hold, there 
exists some t± such that y'(ti) > 0. Since by (15. 7p . y" < 0, then for i > h, 

y'{t) < y'(t ) < 0, V t > t . 

Since T + (uq) = +oo, we obtain that y(t) < for large t, which is a contradiction and (15. 5p 
must hold. 

We next claim that 

{y\t)f<Cy{t){y"{t)f. (5.8) 
In fact, this claim follows from (15. 7p and the following lemma: 

Lemma 5.3. Let 4> e C\R N ) and f e H l (R N ). Assume that J |/| 2 |V0| 2 < oo and 
\ 2 =\\Qh,E(f) = E(Q). Then 

2 



Im /(V0-V/)/ 



< C5 2 (f) / |V0| 2 |/| 
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This lemma was shown in [9] for N — 3. Since for the general case, it is just an easy 
extension, we omit the proof. Taking <p{x) = \x\ 2 in Lemma [5.3} we get (15. 8p . 

Now, for all t in the interval of existence of u, we have that y'{t) > and y"(t) < and 
thus, 

^=L < -Cy"(t). (5.9) 

Integrating (15.91) on [0,t], we get that 

VW) - vW) < -C(y'(t) - y'(0)) < Cy>(0), 

which shows that y(t) is bounded for t > 0. Thus (15.91) gives in turn that y'{t) < —Cy"(t), 
which implies then y'(t) < Ce~ ct . Since y'(t) = - j t °°y"{s)dx = {2N{p - 1) - 8) j t °° 5{s)ds, 
then we obtain (15. 6p . concluding the proof of Lemma I5T21 □ 

5.2. Radial solutions. For the radial solution u of (ll.ip that satisfies (15. ip . (I5.2p and is 
globally defined for positive time, we show in this subsection that u has finite variance and 
finish the proof of Proposition 15.11 from the finite- variance case obtained above. 

Let (p be a radial function such that < ^p(r), <p"(r) < 2 and that y?(r) = r 2 for < r < 1 
while <f(r) = for r > 2. Consider the localized variance yn(t) = J R 2 ip(^)\u(x,t)\ 2 dx. 
By (15. ip . we compute that 

AN(p - l)E{u) - (2N(p - 1) - 8) || Wu\\\ = (2N(p - 1) - 8) (|| VQ\\\ - \\Vu\\l) . 

Since u is radial, by explicit calculation, we obtain 

y' R {t) = 2RIm J uVp(^) ■ Viz, (5.10) 

and 

(5.11) 

= (2N(p - 1) - 8) (|| VQ\\l - \\Vu\\l) + A R {u) = - (2N(p - 1) - 8) 5(t) + A R (u), 
where 

A R (u(t)) =4^| d 3 dM^)d,ud k u + J " 2 ) '^ |2 (5 - 12) 

4/^>l 2 -#/N|)--)M- 

=4 / (✓<£) - 2) |V«|> - ^/AM|)M 2 - ^/ (A,(|) - 

We now claim that there exists Rq > such that for any R> Rq, 

yUt)<-(N(p-l)-4)8(t). (5.13) 
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By (I5.12p . we need to show that there exists _R > such that for any R> R , A R {u{t)) < 
(N(p — 1) — 4) 5(t). In fact, we first note that, for the standing- wave solution e l<yl ~ Sc ^ t Q of 
(II. ip . the corresponding y R (t) is a constant and the 5(t) is identically zero, which imply 
that Ar^-^Q) = 0. Now using the parameter 5q as in section 4, we will show the 
claim (15.1 3p in two cases. 

Firstly, we assume that t G D$ 1 , where 5i < 5 is to be chosen later. If we denote 
v = aQ + h, we get from Lemma 14.21 that 

U (i) =e *(l-.)*(Q + 1 ;(i)), \\v(t)\\ m <C5(t). 

Noting that ^"(f ) - 2 = AV(f ) = Ay>(|) - 2N = for \x\ < R, we obtain that 
\A R (u(t))\ = \A R (Q+v)-A R (Q)\ < C I (q p \v\ + \v\ p+1 +\VQ\\Vv\+\Vv\ 2 +Q\v\ + \v\ 

J\x\>R ^ 

By the exponential decay of Q at infinity, we get that for R > Ri > large and 5i 
sufficiently small, 

\A R (u(t))\ <c(e- cR 5(t) + 5(t) 2 + 5(ty +1 ) < (N(p - 1) - 4) 6(t). 



So flo~T5|) holds for R > R 1 and t G D Sl . 

Next, we fix such a 5i and assume that 5(t) > 8i. By our assumption on if, we know 
that J (yj"(-|) — 2) |Vw| 2 < 0. It suffices to bound the other two terms now. Since if 



R>R 2 = J^1 : 



— I AVQH 2 <-^(Q)<^< ( N(P n 1) -2)5(t). (O.il) 



R? J rv iT' 1 ~ M 
On the other hand, from the Radial Gagliardo-Nirenberb inequality: 

Lemma 5.4. [16] For all 5 > 0, there exists a constant Cs > such that for all u G H s 
with radial symmetry, and for all R> 0, we have 



\u\ p+1 dx < 5 I \Vu\ 2 dx + -ff , 

- 1 _£>2(l-s c ) 



2(p+3) p+1 

(p(u,R))— + (p(u,R)) — 



\x\>R J\x\>R 

where p{u, R) = swp R ,> R Ir><\ x \<2r> \u\ 2 dx. 

We have for all e > 0, there exists a constant C e > and Cq > such that for 
all u G H Sc with radial symmetry and M(u) = M(Q) and for all R > 0, 

C f Cn 



[ \u\ p+1 dx < e [ \Vu\ 2 dx + 

J\x\>R J\x\>R, 



RP ' 

where (3 = min{2+ 2Sc f^ 1 \ 2 + s c (p — 3)} > 0. Thus, for e small and R > R3 large enough, 

C J >r \u\ p+1 dx < e(5(t) + || VQ\\l) + $L < eC Sl 8(t) + (^pl _ 2) 5(t). 

(5.15) 
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By (15.141) and (I5.15p . we get the claim (15. 13[) in the case 5(t) > 5i also. 

Next, we claim that y R {t) > for all t in the interval of existence of u. In fact, if not, 
since y' R {t) < by (15.13!) . there must exists ti,e > such that for t > t±, y' R (t) < — e, 
which contradicts the fact that y R is positive and u is globally defined for positive time. 
Thus we conclude the claim. 

Since y' R is positive and decreasing, it must have finite limit as t — > +oo. Since then the 
integral J °° y R (t)dt < oo converges, this combined with (I5.13P implies that S(s)ds < oo. 
Thus, there exists a subsequence t n — > +oo such that d~(t n ) — > 0. By Proposition 12. 1[ there 
exists 9 e K. such that u(t n ) — >• e t9 °Q in H 1 up to a subsequence and translation. Since 
y' R {t) > 0, i.e., yn(t) is increasing, thus 

y R (0) = j i?V(|)l«o| 2 < j RM^)Wtn)\ 2 < j RM^)\Q\ 2 - 

Letting R — > +oo, we obtain then j |x| 2 |mo| 2 < oo, which turn the radial case to the 
finite- variance one and, by the argument in Subsection 5.1, we have proved Proposition 

EU □ 

6. CONVERGENCE TO Q IN THE CASE || Vlt 1| 2 1| ^ 1| 2 < || VQ|| 2 ||Q||2 

In this section we are to prove the following proposition and then finish the proof of 
Theorem 11.51 

Proposition 6.1. Consider a solution u of (11. ip such that 

E(u) = E(Q), M(u) = M(Q), ||Vn || 2 < ||VQ|| 2 , (6.1) 

which does not scatter for positive times. Then there exist 8q 6 l,i £ and c, C > 
such that 

\\u-J t+ie °Q{--x Q )\\m<Ce- ct . 

In subsection 6.1, we show that a solution satisfying (16. ip is compact in H 1 up to a 
translation x(t) in space. This is a consequence, through the profile decomposition initially 
introduced by Keraani [12], of the scattering of subcritical solution of (11.11) shown in [20] . 
Then in subsection 6.2, it is shown, by a local virial identity, that the parameter 5(t) 
converges to in mean. We conclude in subsection 6.3 the proof of Proposition 16.11 using 
the results obtained above. Finally, in the last subsection 6.4, we are dedicated to the 
behavior of Q~ for negative times, concluding the proof of Theorem II. 5 1 

6.1. Compactness properties. 

Lemma 6.2. Let u be a solution of (11.11) satisfying the assumptions of Proposition \ 6.1\ 
Then there exists a continuous function x(t) such that 

K = {u{x + x(t),t),t e [0,oo)} (6.2) 

has a compact closure in H l . 

We sketch the proof similar to that in [6]: 
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Proof. It suffices to show that for every sequence r n > 0, there exists a subsequence x n 
such that u(x + x n , r) has a limit in H 1 . 

We recall the profile decomposition discussed in [6]. There exist ip 3 G i? 1 and sequences 
x 3 n , P n such that 



M 

u(x, r n ) = e~ <A ^(x - x{) + Wfix), lim [ lim \\j tA W™\\ S{ilSc) ] = 0, (6.3) 

3=1 



lim + K -^|) = +oo. (6.4) 

n— >+oo 

For fixed M and any < s < 1, we have the asymptotic Pythagorean expansion: 

M 

MA = E + H^Hi. + On®' ( 6 - 5 ) 

i=i 

and the energy Pythagorean decomposition 



M 

E(4> n ) = ^E(e-^V) + E(W^) + o n (l). (6.6) 
i=i 

We now show that there is exactly one nonzero profile. On the one hand, if for all j, ip J ' =0, 
then u must scatter by the small data theory (Proposition II. ip and we get a contradiction. 

On the other hand, if at least two profiles are nonzero, then by the Pythagorean expan- 
sion (16.51) . there exists e > such that for all j, 



1 — Sc 1 — Sc 



||^I| 2 SC Wh< ||Q|| 2 SC ||VQ|| 2 -e, (6.7) 

which, by the Gagliardo-Nirenberg inequality ( 12 .ip and ( I2.6P , implies that i£(e -t *~ A '0 J ') > 
0. Thus, by the Pythagorean expansion (16. 6p . we obtain also 



M(^')^f E{e-**> V) < M{Q)^TE{Q) - e. (6.8) 

By the existence of wave operators(Proposition [L3l), there exists, for any j, a function Vq 
in H l such that the corresponding solution v 3 of (11.11) satisfies 

lim ||e-^ A ^-^(£)|| H i = 0. 

n— >oo 

Using the arguments in [20] , we can show that for large M, the solution u(x,t + r„) of 
(II. ip is close to the approximate solution u n = Ylj=i v K x ~ x i.^ + ^n) f° r positive times. 
More precisely, we obtain that u n , which is the solution of the approximate equation 
id t u n + Au n + |w n | p_1 w n = e n with e n = \u n \ p ~ 1 u n - Ylf=i V K X ~ x i^ + *n)> satisfies the 
following: 

(1) For every M > 0, there exists n = no(M) G N such that for all n > n , \\u n \\jj Sc < A 
with some large A independent of M; 

(2) For every M, e > 0, there exists n\ = ni(M, e) G N such that for all n > ni, \\e n \\ff Sc < e; 

(3) There exists Mi = M\{e) and n<i = n 2 (Mi) sufficiently large such that for all n > n 2 , 
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\\e ltA (u(r n )-u n (0))y sc <e. 

Thus, by the perturbation theory (Proposition H3J), we obtain that u{t + r n ) « u n (t), which 
must scatter for positive time. This indeed yields a contradiction and so we obtain that 
there is only one nonzero profile. 
Thus, now we have obtained that 



u{x 1 r n ) = e-<^\x-x 1 n ) + W 1 n {x) 1 lim \\J tA W l n \\ s , A . o) = 0. (6.9) 
We also claim that 

limllW^ltfi =0. (6.10) 

n— > 

Indeed, if not, we then obtain that for some e > 0, M(e~ lt ™ A iJji) ^ E(e~ lt ^- A ^) < 

l-Sc 

M{Q) s c E{Q) — e, which, by similar arguments as above, implies that u scatters, a con- 
tradiction. 

Finally, we claim that t\ is bounded and thus converges up to extracting a subsequence. 
Indeed, if t l n -> +oo, then \\e itA u(T n ) \\ s({ -oo,o],h^) = l|e i(t_ti)A V' 1 |U((- D o,o]^) + °M = 
||e 1 * A V' 1 || ( s((_ DO t i] _H-« c ) + °n(l) — as n — > +00. This implies that u scatters for neg- 
ative time and, by Proposition 11.11 satisfies ||wHg((_ 00)T n ] h s o) as n 4 +00. Since 
r n > 0, we must have u = 0, contradicting the assumptions. Now, if t\ — > —00, 
||e l * A M(r„)|| 5([0)+oo) jj Sc) = ^^^^^([-ti^oo)^) + o n (l) -> 0, showing that u scatters for 
positive time. We get a contradiction again. Thus we have proved the claim. 

Consequently, the boundedness of t\ combined with (16.101) immediately implies the com- 
pactness of K. 

□ 

Now, for the solution u of f 1 1.1 1) satisfying (16.1 1) , we have got the translation parameter 
x{t) by Lemma 16.21 Let the parameters X(t),9(t) and a(t) be defined for t G Ds as in 
Section 4. Then by (14. 5p and Lemma \A. 21 there exists some constant Co > such that for 
any t G D So , 

\Vu\ 2 + \u\ 2 > [ |VQ| 2 + |Q| 2 -L7 5(t). 

x-X(t)\<l A x \< 1 

Taking 5q smaller if necessary, we can assume that for any t G D$ , 

\Vu(x + x(t))\ 2 + \u(x + x(t))\ 2 > e > 0. 



L 



\x+x(t)-X(t)\<l 

By the compactness of K, we know that \x(t) — X(t)\ is bounded on D$ and so we can 
modify x(t) such that 

x(t)=X(t), VteD 6o (6.11) 

and that K defined by (16.21) remains precompact in H 1 . As was discussed in [9] and [2], it 
is classical that we can choose the function x(t) to be continuous. As a consequence, we 
have shown: 
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Corollary 6.3. Let u be a solution of (11.11) satisfying the assumptions of Proposition [6A\ 
Then with the continuous function x(t) = X(t) with X(t) defined by (14 .5p . the set K 
defined by ( 16. 2h is precompact in H 1 . 

Lemma 6.4. Let u be a solution of (11. ip satisfying the assumptions of Proposition \ 6.1\ 
and x(t) defined by Corollaru \6.3[ Then 



P(u) = Im J uWudx = 0. (6.12) 

Furthermore, 

lim ^ = 0. (6.13) 

t->+oo t 

Proof. The proof of (16.121) is easy. Indeed, assume P(u) ^ and consider the Galilean 
transformation of u i.e., w(x, t) = e ix < e- u ^ 2 u(x - 2£ t,t). As was discussed in Remark 
H771 if we take ^ = -P(u)/M(u) to minimize E(w), then M(w) = M(u) = M(Q), 

E(w) < E(u) = E(Q) and immediately, M(w)^E(w) < M(Q)^E(Q). By the result 
obtained in [20], this implies that u must scatter in H 1 , which contradicts the assumptions 
of the lemma concluding (16.121) . 

For the proof of (16.131) . one can refer to [20], and there is also a similar result in [B]. □ 

6.2. Convergence in mean. 

Lemma 6.5. Let u be a solution of (11.11) satisfying the assumptions of Proposition \ 6.1\ 
Then 

lim 1 [ T 5(t) = 0, (6.14) 

where S(t) is defined by (14.11) . 

Before proving this lemma, we obtain from it the following corollary. 

Corollary 6.6. Under the assumptions of Proposition [6J\ there exists a sequence t n with 
t n +l <t n such that 

lim 5{t n ) = 

n— >+oo 

as t n — > +oo. 

Proof of Lemma 16.51 

Let (p G C°° be defined as that in subsection 5.2: < y?(r), f"(r) < 2 and that (p(r) = r 2 
for < r < 1 while (p(r) = for r > 2. We consider the localized variance yiiit) = 
J R 2 (p(^)\u(x,t)\ 2 dx again and recall from subsection 5.2: 

y' R (t) = 2RIm J uVp(^) ■ Vu, \y' R (t)\ < CR, (6.15) 
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and 

y" R = (2N(p - 1) - 8) (\\VQ\\t - \\Vu\\t) + A R {u) = (2N(p - 1) - 8) 8(t) + A R {u), 

(6.16) 



where 



A R (u(t)) =4^/ d.dM^ud.u + J { d2 M^)- 2 ) \ 9 M 2 (6-17) 



R 2 

By the properties of (p, we can obtain the the estimate for A R (u(t)): 



\A R (u(t))\ < C [ \Vu\ 2 + ^-\u\ 2 + \u\ p . (6.18) 

J\x\>R R 



Let x(t) = X(t) be as in K defined by Corollary 16.31 By compactness of K, there exists 
Ro(e) > such that 

/ |Vw| 2 + \u\ 2 + \u\ p < e, Vt>0. (6.19) 

J \x-x(t)\>R (e) 

Furthermore, by (I6.13p . there exists to(e) > such that 

\x(t)\ < et, Vt > t (e). (6.20) 

LetT > t (e) and R = eT+R (e) + l for t G [t (e),T]. Since \x{t)\ < eT and eT+R {e) < R, 
we get that 

\A R (u(t))\ <C [ \Vu\ 2 + ^-\u\ 2 + \u\ p (6.21) 

J\x\>R R 

<C [ |Vu| 2 + \u\ 2 + \u\ p <C I \Vu\ 2 + \u\ 2 + \u\ p < e. 

J \x~x(t)\ + \x(t)\>R. J \x-x(t)\>R (e) 

By flBTTBD and fIBTTB]) . 

T [4*(t) + i4 fl («(t))]«ft = / T i^(t)dt < + |«k(to(c))| < 

t (e) ^to(e) 

f)6.18p combined with (16.211) gives then, for some C > independent of T and e, 

(J(t)tft < C(R + Te) < C(R (e) + 1 + Te). 

'*o(e) 

Thus, we obtain 

y ^ < - j 5{t)dt + -(i? (e) + 1) + tfe. 

Passing to the limit first as T — » +oo, then letting e — >■ 0, we obtain (16.141) . 

□ 
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6.3. Exponential convergence. The aim of this subsection is to prove Proposition 16.11 
by using the following Lemma [6.71 which is a localized virial argument, and Lemma 16.8} a 
precise control of the variations of the parameter x(t). 

Lemma 6.7. Let u be a solution of (11. ip satisfying the assumptions of Proposition [7X71 
and x(t) defined by Corollaru \6.3[ Then there exists a constant C such that if < o < r 

f 5(t)dt<c(l+ sup \x(t)\)(5(a) + 5(r)). (6.22) 

Jo ^ C<t<T ' 

Proof. For R > we consider the localized variance y R (t) = J R 2 <p(^)\u(x, t)\ 2 dx. Recall 
that 

y' R (t) = 2RIm J UV<p(^) ■ Vu, y" R = (2N(p - 1) - 8) 8(t) + A R (u), (6.23) 

where A R (u(t)) is defined by (16.171) . 

Now we show that if e > 0, there exists R t > such that 

W>0, R > R e (\x(t)\ + 1) \A R {u{t))\<e5{t). (6.24) 

The proof of the claim is divided in two cases. When 5(t) is small, we consider 5q as in 
section 4 and choose < 5i < 5o to be determined. For t e D^, let v — h + aQ and then 
from (14. 5p and Lemma [4.21 we get that 

u{x,t) = e i{t+m \Q{x-X{t)) + v{x-X{t),t)), \\v\\ H i < C5{t). (6.25) 

Note that fix # and X , then A R (e %eo e %t Q(- + X )) = for any R and t. We obtain from 
the definition of A R that 

\A R (u)\ = \A R (u) - A R (e ie °e lt Q(- + X ))\ 
<C [ (|VQ(y)||Vv(y)| + \Vv(y)\ 2 + Q(y)\v(y)\ + \v(y)\ 2 + \v{y)\*> +1 )dy 

J\y+X(i)\>R 

<C [ e-to(\Vv(y)\ + \v(y)\ + \v(y)\*)dy+ [ (\Vv(y)\ 2 + \v(y)\ 2 + \v(y)^ +1 

J\y+X(t)\>R J\y+X(t)\>R 



Since < CS(t) by Lemma 14.21 then choosing Rq sufficiently large and 5\ small 

enough, we obtain 

R > \X(t)\ + .Ro, S(t) < 5 U \A R (u(t))\ > e5(t). (6.26) 

Recall that by (fBTTTj) . x{t) = X(t) on D So and flBT26|) implies <K2M for 5{t) < 5 X . 
In the case 5(t) > 5±, there exists some C > such that for any t > 0, 

\A R (u)\ <C [ (\Vu(y)\ 2 + \u(y)\ 2 + \u{y)r l )dx 

J\x\>R 

<C [ {\Vu{y)\ 2 + \u{y)\ 2 +\u{y)r 1 )dx. 

J \x-x(t)\>R-\x(t)\ 
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By the compactness of K, there exists R\ > such that 

R > \x{t)\ + R u 5(t) > Si, =S> \A R (u(t))\ > eS x < eS(t). (6.27) 

Finally, we have proved (16.24)) . 

By ( 16.23)) and ( I6.24[) . we obtain that there exists R* > such that 

R>R*(\x{t)\ + l) y" R {t)>(N(jp-l)-4)6{t). 

Let R = _R*(sup CT<t<T \x(t) \ + 1), we obtain 

(N(p - 1) - 4) f 5(t)dt < f yUt)dt = y' R {r) - y' R (a). (6.28) 

If S(t) < S , by flESD and (I6T25D . then 

y' R (t) =2RIm J v{z)V + * {t) ) ■ VQ(*) 

+ 2i?/m y Q(z) Vy>( * + ^ ) ■ Vv(z) + 2#Im ^ ^(z)Vy( Z + ) ■ Vufc), 

which implies by LemmaS2]that \y' R (t)\ < CR(S(t) + 5 2 (t)) < RS(t). On the other hand, 
when 5(t) > So, the above inequality follows by straightforward estimate. Hence by (16. 28)) 
and the choice R = R*(sup a<t<T \x(t)\ + 1), we obtain (16.221) and complete our proof. 

□ 

The following lemma is to control of the variations of x(t). 
Lemma 6.8. There exists a constant C such that for any a, r > with a + 1 < r, 

\x{t)-x{o-)\ <C I S{t)dt. (6.29) 



The proof of the lemma can be found in [9] (Lemma 6.8 there). 

Now, we are ready to show Proposition 16.11 
Proof of Proposition 16.11 Consider the sequence t n given by Corollary 16. 6l and so t n — > +oo, 
tn + 1 < t n , and S{t n ) — > 0. By Lemma IBTTl and Lemma EH there exists some C > such 
that 

Vn>N , l + t No <t n => \x(t No ) -x(t)\ < C (l+ sup \x(t)\)[6(t No ) + S(t n )}. 

[*JV >*n] 

We choose t such that \x(t)\ = sup[ tjVo+l tn ] \x(s) \ and then 

sup \x(s)\ <C(N ) + C (1+ sup \x{s)\)[S{t No ) + S{t n )\ 

[*iVo+l,tn] [iiV + li*n] 

with C(Nq) = \x(N )\ + Co sup[ <iVojtiVo+1 ] |x(s)|. Fixing N large enough, we can assume 
S(t No ) + S(t n ) < 1 and C S(t No ) < \. Thus, for t n > t No + 1, 

I sup \x(s)\ <C(N ) + \ + Co(l+ sup \x(s)\)S(t n ). 

1 [tN +l,tn] 1 [tjV +l,tn] 
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Letting n — > +00, since S(t n ) — > 0, we obtain that \x(t)\ is bounded on [t No + 1, +00). By 
continuity, we finally obtain the boundedness of \x(t)\ on [0, +00). 

Lemma 16.71 combined with the boundedness of x(t) gives that for any cr, r > and 
< err, f T 5{t)dt < C(5(cr) + <5(t)). If we take r = t n and let n — > +00, we obtain that 
Jo°° ${£)dt < 00 • Thus, for any cr > 0, 5{t)dt < C5(a), By Gronwall's Lemma, we obtain 
that there exist C, c > 

/■oo 

Since a > is arbitrary, we have concluded the proof of Proposition ^. II again using Lemma 

El □ 

6.4. Scattering of Q~ for negative times. In the final subsection, we conclude the 
proof of Theorem 11.51 by showing that the special solution Q~ scatters as t — > —00. If not, 
we apply the argument of above subsections to the solution Q~ and Q~(x,—t) of (II. ip 
and obtain a parameter x(t) defined for t e R such that K = {Q~(- + x(t),t),t e M} has 
a compact closure in H 1 . By the argument at the end of Subsection 6.3, x(t) is bounded 
and S(t) tends to as t — > ±00. A simple adjustment of Lemma 16.71 implies that if 
—00 < cr < r < +00 then 



5(t)dt<C[l+ sup \x(t)\ )(5(a) + S(r)) < C(5(a) +S(r)). 

^ a<t<T ' 

Letting a — > —00 and r — > +00, we obtain then J R S(t)dt = 0. Thus 5(t) = for all t which 
contradicts the assumption ||Vwo||2 < ||VQ||2- 



7. UNIQUENESS 

We will finally conclude the proof of Theorem 11.61 in this section. The main point is 
to show the following uniqueness result. We want to point out that our arguments in 
this section are different from that in [9], which are indeed invalid for our general L 2 - 
supercritical case. 

Proposition 7.1. Let u be a solution of (11. ip defined on [to, +00) such that E(u) = E(Q), 
M(u) = M(Q). Assume that there exist c, C > such that for any t > to, 

\\u-e l{1 - Sc)t Q\\ m <Ce~ ct . (7.1) 

Then there exists AeR such that u = U A , where U A is defined by Proposition \3.1\ 

The proof of Theorem 11.61 is divided into three parts. In subsection 7.1, we analyze 
the linearized equation and the spectral properties of C defined by (I2.15p . using which we 
conclude the proof of Proposition 17. II in subsection 7.2. Finally, in subsection 7.3, we finish 
the proof of Theorem 11.61 

Throughout this section, we often use the following integral summation argument intro- 
duced in [3] (Claim 5.8 there): 
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Lemma 7.2. Let t > 0, p > 1, a ^0 and E is a normed vector space. If f G 
LfocQpo, oo); E) satisfies that 

3r > 0, C7 > 0, Vt > t , \\f\\Lr([t,t+To);E) < C e aot , 
then, for t >to, we have 

C e aot C e aot 

\\f\\LP([t,oo);E) < 1 _ eaoTo , */ «0 < 0; ||/||L>([to,t);g) < 1 _ £ - aoTo : ifa >0. 

7.1. Exponentially small solutions of the linearized equation. Set r = p+1 and 

| = AT(I - I). We consider 

v G C°([t , +oo), if 1 ), g G ^([t , +oo), W^ f ) 

such that 

d t v + Cv = g, (x,t) eR N X (t ,+oo), (7.2) 

IKOIIm < Ce"^, |b(t)|| i8 -' ([t|+ oo) lW1 ^) < Ce"^, (7.3) 

where < 71 < 72. 

The following self-improving estimate is important for our analysis. 

Lemma 7.3. Under the above assumptions, 

(a) if l2 < e , then \\v(t)\\ m < CeT^\ 

(b) if 72 > eo, then there exists A G K such that v{t) = Ae~ eot y + + w(t) with \\w(t)\\jii < 

Proof. We first recall the quadratic form $ defined by (I2.18P and the associated bilinear 
form B by (12.211) . We have known that B(Qj, h) = and \\QjW2 = 1 for any h G H l and 
j — 0, • • • , N, where we denote 

iQ ^ _ djQ 



\\Q\W ^ 3 ~\\d 3 Q\W 

By definition, we can obtain $(3^+) = ^CV-) = 0. Furthermore, we assert that B(y + , y_) ^ 

0. In fact, if B(y + , y_) = 0, then B and $ would be identically on span{djQ, iQ, y + , JL, j ■ 

1, • • • , N} which is of dimension iV + 3. But $ is, by Proposition 12 A\ positive on G± which 
is of codimension N + 2, yielding a contradiction by Courant's min-max principle. Thus, 
we can normalize the eigenfunctions y+,y~ such that B(y + ,yJ) = 1. Then h G G' ± is 
equivalent to 

{Q jt h) = o, B(y+,h) = B{y_,h) = o Vj = o,---,iv. 

Now we decompose v{t) as 

N 

v(t) = a + (t)y+ + a_{t)y_ +J2^(t)Qj + v ± e G' ± , (7.4) 

3=0 
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where 

&(f) = (v(t),Qj) -a + (f)CV+,Qi) -a-(t){y-,Qj), (7.5) 
a+(t) = B(v(t), yj), a_(t) = B(v(t), 

Step 1. By differentiating the equation on the coefficients (17.51) and note that B(£v, v) = 
0, we obtain that 

|(e- eot a_(t)) = e-^B(g,y + ), |(e e <V(*)) = e^B(g,y.), (7.6) 

= (v t - a' + y + - atjy^Qj) ={g - B{g,y_)y + - B(g,y + )y_ - Cv ± ,Q^ (7.7) 

=(v,Qj), 

and 

j$(v(t))=2B(g,v). (7.8) 

Step 2. We now show the following estimates : 

\a-(t)\ < Ce~ 72 *, (7.9) 

\a+(t)\ < Ce-**, if 72 < e or e < 7 i (7.10) 
and there exits /lei such that 

\a+(t) - Ae- eot \ < Ce-~< 2 \ if 72 > e . (7.11) 

By definition f[2~2TD . 

2B(p,y + ) = J (L+g^ + J (L_g 2 )y 2 (7.12) 

= - J g l Ay 1 + J (1 — s c )g x y 1 - J pQ^g^ - J g 2 Ay 2 +J(l- s c )g 2 y 2 - J Q^^i 
Hence, for any time interval I with |/| < 00, we have 

J\B{g t y ± )\dt <c\i\¥\\ g \\ LS{I;Ln \\y ± \\ w2 , f , 

which, together with (17. 3p . implies that 

rt+l 

J \e- eoS B{g{s),y + )\ds < Ce" 60 ^" 72 *. 
By Lemma 17. 2\ we have then 

/oo 
\e- eos B(g(s), y + )\ds < Ce" 60 ^" 72 *. (7.13) 

From (17. 3p we know that e~ e °*a_(t) tends to as t goes to infinity. Integrating the equation 
on a_ in (17. 6p on [t, +00), we obtain that < Ce~ 72 * showing (17. 9p . 
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Now, we prove (17.101) . In the case e < 71, by (17. 3p . we have that e eot a + {t) tends to 
as t goes to infinity. By similar estimates as ( 17.1 3p . we also have that 



/oo 
\e eos B(g(s),y_)\ds < Ce^e" 72 *. 



Integrating the equation on a + in (17.61) on [t, +oo), we obtain that |a+(t)| < Ce 72 *. In 
the case 7i < e < 72, also by (I7.3p . 



\e eaS B{g{s),y^)\ds < C7e eo V 72 *, 
which together with Lemma [7.21 gives that 

poo 

/ \e eoS B(g(s),y.)\ds < Ce^e" 72 * < 00. 

J to 

By (I7.6p . e e ° l a + {t) satisfies the Cauchy criterion as t — >■ +00. Then, there exists A such 
that lim t ^ +00 e eot a + (t) = A and 



.(t)-A\< Ce^e" 72 *, 



showing (17. lip . 

In the case 71 < 72 < e , integrating the equation on a + in (17. 6p on [0, i], we obtain that 



a+ (t) = e- eo V(0) + e~ eot I e eoS B(g,y_)ds, 
which, by (17. 3p . yields that 

' Ce^e" 72 *, 72 < e , 



< 



Ct, 72 = e . 



This shows (I7.10p in this case. 

In the following steps, we prove Lemma EH] under the conditions (I7.9p . (17.10P and (17.1ip . 

Step 3. We first do with the case 72 < eo or 72 > eo and A = 0. By step 2, we have got 
in this case that 



Since 

r-t+l 



a + (t)\ + \a-(t)\ < Ce~^\ Vt > t . (7.14) 
j B(g,v)ds < C7e- (7l+72)t , 



we have, by Lemma [7. 2[ that 



/oo 
B(g,v)ds < Ce- (7l+72) *. 



By ([731) and < CIMi)^ ->• as < ->■ +00, we have that (t))| < Ce"^ 72 ) 4 . 

Note that <&(v) = B(v,v) = B(v±,v±) + 2a + a_, so we obtain from Proposition 12.41 and 



- 71+72 ' 
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([DID that 

\\v±\\m < C\B(v±,v±)\ < Ce- (7l+72) *. (7.15) 

Now we turn to estimate the decay of (3j. By (17.51) and the above step, we know that 
— > as t — > +oo. Moreover, by the notation of v, 

£ +1 \(v,Qj)\ds < C{e-^ + \{Cv^Qi)\d^ < C{e~^ + ||^|U^) < Ce^ 

Thus by (17. 7\ and Lemma I7.2[ we obtain that 

\m\<Ce-^*. (7.16) 

Thus, we have got that v and g satisfy the assumption (17. 3p with ji replaced by "/[ = 71 ^ 72 . 
Finally, by an iteration argument, we can obtain that 

\\v\\ H i < Ce-^ 1 (7.17) 

in the case 72 < e or 72 > e and A = 0. 

Step 4. We finish the proof of Lemma 17.31 by dealing with the case 72 > eo and A ^ 0. 
In this case, it suffices to assume 71 < eo since, otherwise, we can take A = by Step 2. 
Let v(t) = u(t) - Ae- eo *^+, it holds that 

+ = #(t), \\v\\ m < Ce^ 11 . 

We consider a + (t) = B(v(t),y), which is the corresponding coefficient of y + in the de- 
composition of v. By the decomposition of v, we get that a+(t) = B(v(t) — Ae~ eot y + , 3^-) = 
at + (t) — Ae~ eot . Thus by (17.111) . we have that |a+(i)| < Ce -72 turning back to the case 
discussed in Step 3. As a consequence, 

IK*) - Ae- eot y + \\ m = \\v(t)\\ m < Ce~^\ 
which conclude the proof of Lemma 17.31 

□ 

7.2. Uniqueness. We prove Proposition 17.11 For u satisfies the hypothesis, we write 
u = e^-^iQ + h). 

Step 1. We show that if eg is any positive number such that eg < eo, then for any t > to, 

\\h(t)\\*<Ce-'* t . (7.18) 

Indeed, from the equation (12.71) . by Strichartz's estimate and (I2.12p . we know from the 
local existence theory that, for any (q,r) G A , 

||^||i9([t ,oo);W 1 .' r ) < CIIM^o)!!^ 1 < Ce~ ct . 

This, in turn, implies that ||-R(/0lli,«'([to ooyw 1 ^') — Ce~ 2ct satisfying the assumptions of 
Lemma [7.31 with ji = c, 72 = 2c. If 2c > eo, the proof is complete; otherwise, we get by 
Lemma [7.31 that ||/i(£)||#i < Ce~ 2c t and then (I T . 1 8 [) follows by iteration arguments. 
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Step 2. Consider the solution U A constructed in Proposition 13.11 and write U A = 
e l ^ 1 ~ Sc ' t (Q + h A ). We show that there exists A G R such that for all 7 > 0, there ex- 
ists C > such that for any t > to, 

\\h(t)-h A (t)\\ H i<Ce-^. (7.19) 

According to Step 1, h fulfills the assumptions of Lemma [7731 with 71 = , 72 = 2e^ . Thus, 
there exists A G R such that 

\\h(t) - Ae- eot y\\ m < Ce~ 2e » *. (7.20) 
By the asymptotic development of h A obtained in Section 3, 

\\h A (t) - Ae- eot y\\ H i < Ce~ 2e ° *. 

Thus, f)7.20p implies ( I7.19P for any 7 < 2e . We next show that if (I7.19P holds for some 
7 > e , then it holds for 7' = 7 + |e . In fact, since h — h A solves the equation 

d t {h - h A ) + C(h - h A ) = R{h) - R{h A ). 

Again from the local well-posedness theory, for any admissible pair (q, r) G A , 

\\h - ^||w([to,oo) ; ^) < C\\h(t ) - h A (t )\\m < Ce-*, 

which in turn gives by (12~T3|) that \\R(h) - i2(/i A )|| w - ([t0jOo) . w i 1 f ) < Ce-( e ° +7 )*.Thus, h - h A 
fulfills the conditions of Lemma [7.31 with 71 = 7,72 = 7 + eo- Then we get (I7.19P with 7 
replaced by 7+ |e . By iteration, (I7.19P holds for any 7 > 0. Thus, we have obtained that 
\\u — U a \\h 1 < Ce -7 * for any 7 > and any t > t . By the definition of U A , we obtain 

|| n _ e i(i-«c)t(Q + V fc A (t))||^ < Ce- {ko+ ^ eot 

with V A Q and ko constructed in Proposition 13.31 Then, by the uniqueness argument in the 
proof of Proposition ^. 1| we get then u = U A , concluding Proposition ^. II 

7.3. Proof of the classification result. We finish the proof of Theorem 11.61 in this 
subsection. We first claim that if A ^ 0, U A = Q + for A > or U A = Q~ for A < up to 
a translation in time and a multiplication by a complex number of modulus 1. Indeed, by 

Q ± (t) = e l(1 ~ s ^ t Q±e- eoto e ii - eo)t y + + 0{e- 2eot ) in H 1 . (7.21) 

Fix A > 0. Let h = -t Q - ^ log A such that e - eo{to+tl) = A. By @Q} and (P7\2T]1 . we 
obtain that 

e _itl Q + (t + tl) = e i(1 ~ Sc) *g + e -Mto+ti) e (i-e )ty + + O ( e -2e t) _ £jA _|_ ( e "2eo^ in ^1 

(7.22) 

On the other hand, e~ ltl Q + (t + ti) — e^ 1 ~ s ^ t Q — > exponentially in H 1 as t -> +00. By 
Proposition EU there exists A such that e~ Ul Q + (t + t x ) = U A . By (17722]) . we have A = A 
and thus U A = e- Ul Q + {t + The case A < can be shown similarly. 

Let u satisfy the hypothesis of Theorem ll.6l We rescale u such that E{u) = E(Q), M{u) = 
M(Q). 
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If HVwolh = by the variational characterization of Q, u — e^ 1 ~ Sc ^ t Q up to the 

symmetries of the equation which yields case (b). 

If ||Vito||2 < IIVQH2 and assume that u does not scatter for both positive and negative 
times. Replacing u(x,t) by u(x,—t) if necessary, we may assume u does not scatter for 
positive times. By Proposition 16.11 there exist #0 € K, £0 G M N and c, C > such that 
\\u{t) - e^ l - s ^ t+ie °Q{- - x Q )\\ H i < Ce~ ct for t > 0. Hence, v(x,t) = e- i9 °u{x + x ,t) 
satisfies the assumptions of Proposition 17.11 which shows that v = U A for some A. Since 
||Viio||2 < IIVQH2, by Remark 13.21 the parameter A should be negative. Thus, from 
the arguments in the first paragraph of this subsection, we get that v = Q~ up to the 
symmetries of the equation, yielding case (a). 

We can show case (c) similar to case (a) in view of Proposition 15.11 and Proposition 17.11 
and conclude the proof of Theorem 11.61 □ 
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